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Abstract. The LogPmodel is used to develop parallel algorithm to
compute the Mdified Gram-Schmidprocess. Thealgorithm is analyzed
and implemented othe ConnectioMachine(CM-5). The LogPmodel is
then used to predict theunning times ofthe algorithm for different
problem sizes and which are compared to actual running times on the

CM-5.
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1 Introduction

There have been numerous models for analyzing parallel algorithms including various
extensions of the PRANut none of thesbave accurately representtit typical real
world situation of asmall number ofprocessors with a largproblem size andigh
communicatiorcosts between processaeviile remaining astract enough to be practical
for any parallelcomputer architecture. The LogRodel (Culler et al.1993) is a

promising new model that does consider these issues.

The goal is to develo@nalyze andmplement a parallel algorithemder the LogPnodel

and then evaluate the model based on the following criteria:

* Is it simple enough to analyze algorithms?

* Do the projected running times of algorithms closely resemble the actual running

times?

» Does the model aid in the development of efficient parallel algorithms?

» Are communication costs accurately modeled?

I will study theproblem of calculating aet of orthonormal vectonssingthe Modified
Gram-Schmidtprocess. Thealgorithm provided issimilar to the algorithm given by

Zapata et al. (1991) which is for MGS QR factorization on hypercube SIMD computers.



2 The LogP Model

The LogP model is a realistic yet practical mod&r developing algorithms for
distributed memory parallel machines. It considers communicatistsand thenumber
of processors withouimaking assumptionsaabout network topology structure or

programming method (Culler et al., 1993).

The key parameters of the LogP model are:

L: Latency in communicating a message from source to destination

o: overhead or the amount of time for a processor to send or receive a message
g: gap or minimum time between message transmissions/receptions

P: the number of processors

The time for a small message to be sent from processor 1 and received by processor 2 is

L+ 20+g0.

When developing algorithmsnder the LogHAnodel, thefollowing methods should be

followed:

* assume a large number of data elements per processing node
» do not exploit specific network topologies

» do not allow extremely large messages



3 The Gram-Schmidt Process and MGS

Definition. If S={uj, uy, ...,un} is a nonempty set of vectors, then the vector equatiot
Ui+ U2+, .. +8mUm=0
has at least one solution,
a1=0,%2=0,...8n=0
If this is the only solution, then S is dnearly independentset. If there are other
solutions, then S islmearly dependentet.

=

Definition. A set of vectors in amner product space isalled anorthogonal setif all
pairs of distinct vectors in theet are orthogonal (thengle between them [3/2). An

orthogonal set in which each vector has a norm of 1 is callexdtreonormal set

The Gram-Schmidt Process takes a set of M linearly independent vectors of size N,
{u1, Uy, ...,un} where M< N, and calculates set of M orthonormal vectors size N,

{v1, Vo, ...,vm}. For this study we Wl consider thdzuclidean inneproduct, represented

by
i=n

<ab> = Zla,-bi
1=
and the Euclidean length or norm of a vecipgs

i = <, 2112

There areseveral different variations dhe Gram-Schmidt Processcluding Classical
Gram-Schmidt(CGS), Modified Gram-Schmid{MGS) and Modified Gram-Schmidt
with pivoting (MGSP). | have chosen to implement MGS since it econostizegye and
is generallymore stable than CGS and also because MGSy shows asmall

improvement while increasing the amount of work to be done (Rice, 1966).

MGS can be represented mathematically as follows:

fori=1, ..., M
1) vi =ui / |uill
2.) Uk = Uk - <Uk,Vi>Vi k=i+l, ..., M



3.1 Example of MGS

Step O

In this step we have the original vectors stored in the matrix U and the matrix V set to 0’s

0 000O0O0OOO OO 11111111
V= 0 000O0OOO OO U= 1 2211221

0 000O0OOO OO 2 3162 31°%6
Step 1,i=1

The first row of V is calculated and all rows of U are updated.

V203 Jalz Sz S J2E Jalz Sz s




Step 2, i=2

The second row of V is calculated and rows 2 and 3 of U are updated.

Jols Jas JaE JnE JnE JnE JaE o

V= Thz Sz Sz Sz JaE JaE a2 S

0 0 0 0

1 1 1 1 1 1
U= |-v2 % % -12 -y2 %
-2 1 -1 2 -2 1

Step 3, i=3

The third and final row of V is calculated.

VAR A

Vo SNz SNz SN SN2 SNz S %ﬁ_
V= Tz Sz Sz Sz Sz Jaz Sz e
VAR A

0 0 0 0
1 1
Y -2
-1 2




3.2 History of MGS

In his doctoral dissertation omtegral equations i1879, J.P. Gram, Banish actuary
(Longley, 1984), attempted tamprove onthe expansion of Fourier serieshich he
noted wassimilar to the least squares methods. Rather tising Gauss’snethod, he
“treated the dependeméariable as @ontinuous function ofhe independentariable and

said that the use of point intervals was a special case” (Anton,Rorres, 1991).

In 1905, Erhardschmidt, a German mathematiciggnton,Rorres,1991), alsdiscussed
the Least Squargzoblem in his inauguraddress at Gottingen University. The speech
was later reprinted in 190¥hen he gave credit to Gram for what has come to be known

as the Gram-Schmidt Process (Longley, 1984).

Beginning in the 1950’s mathematicians became interested in the usefulttes&ohm-
Schmidt Process because of computdiice (1966), described the Mdified Gram-
Schmidt and Longley1984) demonstrated that t#assical Gram-Schmigtrocess and

Modified Gram-Schmidt process are mathematically identical.

3.3 Applications of MGS
The Gram-Schmidt process (and therefore MGS) can be usmalciating Legendre
polynomials, Chebyshev polynomialsyrve fitting of empirical data, smoothing, and

calculating least square methods and other functional equations (Longley, 1984).



4 Related Work

Culler et al.(1993)gives a detailed description tife LogPmodel as well as analysis of
several algorithms, with sections on algorithm desidata placement andwork

assignment. Several variations of the PRAM Model are also discussed.

Rice (1966) providesanalysis of serialersions ofCGS, MGS and MGSP asgell as

error analysis for each.

Zapata et al.(1991) describes an algorithm for MGS QR factorization $mgle
Instruction Stream Multiple Data (SIMD) computersng a SIMD computationahodel
with an unshared distributed memdmyt assumeshe number of processing nodes to be
1, M, N or MN where M and N are as described in chapter 3 abovealGtéthm
presented here st for QRfactorization and W be free ofany assumptionsbout the

number of processing nodes.



5 A Serial Algorithm for MGS

The pseudo code for theerial algorithm tocompute MGS iggiven below.See the
Chapter 8 for actuaimplementations. The goal is siart with a set of M linearly
independent vectors and compute a set of M orthonormal vectors. ProSedal®IGS
accepts as input an MxN array, U, with its roling the vectors that wevish to
normalize. U is altered ithe process and thermalizedvectors are returned in the

MxN matrix V.

The procedure loops from 1 to M to calculate to calculate M orthonormal vectors. There
aretwo instances where it loops from 1 to N to comphe norm of avector. Another

loop from i+1 computes the updated values of U.

procedure SerialMGS(U,V,M,N)
for i=1to M do
{
for j=1to N do [* calculate dotproduct */
norme Vij* Vj;
norm— SQRT(norm)
for j=1to N do
Vij < Ujj/norm
for k=i+1to M do
{
for j=1to N do [* calculate dotproduct */
dotprdct- Uy *V
for j=1to N do
Uk,j « U, - dotprdct*V
}
}

SerialMGS has a complexity of OZN).



6 A Parallel Algorithm for MGS

Procedure ParallelMGS accepts as input an MxN array U, with itsbhengthe vectors

that we wish to normalize. U sltered in the process and thermalizedvectors are
returned in the MxNmatrix V. N/P elements of eaclrow of U and V arestored on

each node. Assume that the nodes are numbered from 1 to P and that P and N are powers
of 2. To calculate the norm of wector, wecalculate theinner product of the N/P
sections of the vectors on each nodganallel andthen perform aummingoperation

using a reduction method astbre theresult on thdirst node. The squam®ot of this

value is then taken to arrive at the norm.

procedure ParalleIMGS(U,V,M,N)
P = numprocessors
Step 1 for i=1to M do

{
Step 1.0 dp=0
Step 1.1 : for j=1to N/Pdo in parallel /* calculate dotproduct of node vectors*/
dpid < Ui;j*Uij + dpid
Step 1.2 : norin— sumofdpforj=1.P
Step 1.3 : normn- (normy )1/2
Step 1.4 : Broadcast norto all nodes

Step 1.5 : for j=1to N/Pdo in parallel
M < Uij/norm

Step 1.6 : for k=i+1to M do

{
Step 1.6.0 da=0
Step 1.6.1: for j=1to N/Pdo in parallel /* calculate dotproduct of node vectors*/
@R~ Ugj* Vij + dipid

Step 1.6.2:  dotprdct— sum of dpforj=1..P
Step 1.6.3:  Broadcast dotprdid all nodes

Step 1.6.4: for j=1to N/Pdo in parallel
&} « Uy, - dotprdchig*V i
}
}



6.2 An Example of ParalleIMGS

In the following example the samevectorsfrom example3.1 are used to demonstrate
how the data would be la@ut and to show theommunicatiorpatterns oParalleIMGS.
Each node contains éements from eachector so node 1 contairdements 1 and 2,
node 2 containslements 3 and 4o0de 3 containslements 5 and 6, amibde 4 contains

elements 7 and 8. Vector 0 is on the bottom and vector 2 is on the top.

Step 1: Initial Layout

In theinitialization, all V vectors are set to @nd theinitial U vectors are input. The

norm and dotproduct are set to 0 on each node.

norm=0 norpx0 norgx0 norns0

dp:=0 dg0 dg0 dg0
_:LQ_QQ' +0.00 _:LQ_QQ' +0.00 _:LQ_QQ' +0.00 _:LQ_QQ' +0.00
_:LQ_QQI +0.00 _:LQ_QQI +0.00 _:LQ_QQI +0.00 _:LQ_QQI +0.00
+OOO.+OOO +OOO.+OOO +OOO.+OOO +OOO.+OOO
_:LZ_QQ' +300 _:LJ-_QQ' +600 _:LZ_QQ' +300 _:LJ-_QQ' +600
_:LJ-_QQI +200 _:LZ_QQI +100 _:LJ-_QQI +200 _:LZ_QQI +100
+]_OO. +100 +].OO. +100 +].OO. +100 +].OO. +100

Step 2: Calculate DotProduct and Norm

To calculate the norm @bw 1 of U, wesquare and thesumthe elements of U on each
node, storing the result into dipr i=1,P.

dp=2 dg2 dp2 dg2

10



We now perform asummingoperationusing a reduction method dahe dp values,
storing the final result into normThis is the inner product of row 1 of U with itself.

norm=4 norp¥2 norp¥4 nornF2

1 | 1 |

norm=8 norp¥2 norp¥4 nornF2

T |

Taking the square root of norteaves the norm of row 1 of U in nogm

norm=2.8 norps2 norp¥4 nornF2

Step 3: Broadcast Norm to all Nodes

The norm value on node P1 is broadcast to the three other nodes in two steps.

norm=2.8 norp¥2.8 norn¥4 nornF2
norm=2.8 norp¥2.8 norn¥2.8 norps2.8

| | !

Step 4: Calculate First Row of V

Each element of row 0 of V is set equal to the corresponding element of in row 0 of U
divided by the norm. All rows of U are updated. Note the values shown are rounded to
nearest hundredth.

11



norm=2.8 norgy2.8 noryF2.8 norgF2.8
_:LQ_QO_I +000 _:LQ_QO_I +000 _:LQ_QO_I +000 _:LQ_QO_I +000
_:LQ_QO_I +000 _:LQ_QO_I +000 _:LQ_QO_I +000 _:LQ_QO_I +000
+035.+035 +035.+035 +035.+035 +035.+035
__—J-_O_O_' +000 __—Z_QO_' +300 __—J-_O_O_' +000 __—Z_QO_' +300
__—9_5_0_. +0Q50 _:LQ_S_O_I =Q50 __—9_5_0_. +0Q50 _:LQ_S_O_I =Q50
+100: +100| [ +L00:+100| | +L00: +100 +100 | +100

Step 5: Calculate Second Row of V

The norm is recalculated anoroadcast. Each element of row 1 of V is set equal to the
corresponding element of in row 1 of U divided by the norm. Rows 1 and 2 of U are

updated.
norm=1.4 norpxl.4 norpxl.4 norpxl.4
| +0.001 +Q 00| | +0.00: +Q00| | +0.001 +Q00| |+0.00! +Q 00
__—9_3’_5_| +035 _:LQ_315_| -035 __—9_3’_5_| +035 _:LQ_315_| -035
+0.351 +Q35| | +0.35! +Q35| | +0.35: +Q35| | +0.35: +035
| +1.001 +1Q0| [ +100:+100| | +1.00 ' +100| |[+1.00: +100
__—9_5_0_. +050 _:LQ_S_O_I —0Q50 __—9_5_0_. +050 _:LQ_S_O_I —0Q50
-2.0 :+1o -100: +200] | -2.00: +10 -100 1 +200

Step 6: Calculate Third Row of V

The norm is recalculated anoroadcast. Each element of row 2 of V is set equal to the
corresponding element of in row 2 of U divided by the norm. Row 2 of U is updated.

nornk4.4 norpx4.4 norp¥4.4 norp¥4.4
_:9_4_5_' +0.22 _:9_2_2_' +045 _:9_4_5_' +0.22 _:9_2_2_' +.45_
_:9_3’_5_. +0Q35 _:LQ_3’_5_I -Q35 _:9_3’_5_. +035 _:LQ_3’_5_I -Q35
+0.351 +Q35| | +0.351 +Q35| | +0.35! +035 +0.351 +Q35

12




7 LogP Analysis of ParallelIMGS

In this chapter, theParalleIMGS algorithm W be analyzed usinghe LogPmodel. An
asymptotic upper bound is arrived at for architectures with and witteatbr units and
then an alternativanalysis idone. In Chapter 10, the upper bounds are compatied

actual running times on the CM-5.

7.1 Without Vector Units

With the exception of a squareot operation, steps 1.1 - 1ahd1.6.2.1 - 1.6.3 are
identical. Thebasic algorithm here ithe inner product of twovectors. Steps 1.1 and

1.6.1 require N/P parallel steps and no communication between the nodes.

Steps 1.2and 1.6.2 areperformingthe sum of P elements on processorausing a
reduction methodThis requires logP steps with anaximum of log P additions to be
performed atnyone step and maximum of log P messages to be sentaystep. The
distance that thenessages must travel during this operation increggenentially with
each step. At each step, a maximum of L+20+g cycles are used tmassaes and we
assume that the additions can be done in unit time. This results in a complexity of

ki *((L+20+g)* logo P )

Assume that the SQRT function can be evaluated in constant time

Steps 1.4and 1.6.3 follow a similar communicationpattern as 1.z2nd 1.6.2 only no

adding is being done. The complexity of this step i§ KL+ 20 + g)* logP ).

The overall complexity for calculating the norm or the dot product is then

13



ke*((L+ 20+ g)*logpP) .

Step 1.5 weassume that divisiorcan be done in constartime and since no

communication is required this step takes N/P cycles.

Step 1.6.4 similar to step 1.5, this step requires N/P cycles

The overall complexity of ParalleIMGS is then
M2*MAX[k 5 *( (L + 20 + g)* log P ) , k*N/P]).

In most cases N >> lgd? and our complexity will be O( ¥N/P).

7.2 With Vector Units

Somemachines, includinghe CM-5, are equipped withiector units (VUs) oneach
processing node. If we allow D to be the depth of the vector unit, Steps 1.5 and 1.6.4 will

require N/(P*D) cycles. This will result in a complexity of O¢N/(P*D)).

14



8 Evaluation of LogP

Included below areseveral graphs that plahe actualrunning time ofthe CM
FORTRAN implementation of ParallelMGS verghe estimated.ogP runtime. Thinking
MachinesCorporationclaims that e&CM-5 with 33 Mhz SPARC RISE€hips andvector

units has a peak performance &0 Mflops per processing nod€uller et al.(1993)

note that the linpack benchmarking of the CM-5 showed a performance of 3.2 Mflops per
processing nodefFor the LogPtimes,the asymptotic bound, O( %N/P), has been
divided bythe linpack benchmark, LThe resulting formula is KN/(P*L). Note that

since weareusing actual Mflopgor the processing nodes in a CM-5, the factor for the

vector units becomes irrelevant.

LogP vs CM-5, N= 4096

350
300

% 250 +
o
S 200+ —e— actual
8]
8 150 + ——IgP
g 100 +
F 50+
or O i o O
< [ce] © N < e8] © N < [ee]
— [32] © N n — N <
- N o} o o
- N
M

Figure 8.1 LogP vs CM-5, N=4096
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LogP vs CM-5, N=8192
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L 60+
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Figure 8.2 LogP vs CM-5, N=8192
LogP vs CM-5, N=16384
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Figure 8.3 LogP vs CM-5, N=16384
LogP vs CM-5, N=32768
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Figure 8.4 LogP vs CM-5, N=32768
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9 An Alternative Analysis

In the above LogRinalysis, we arrived at an asymptatisper bound of O(KAN/P).
Figures8.1 through 8.4 show evidence tdien N>> M, we have indeed arrived at an
upper bound. This is not always the case, howevhenN=M the LogPestimates look
more like a lower bound than an upper bound (see Fja)eThis could be caused by
the fact thatvhen M>=Nthe ratio ofcommunications to computations increases greatly
because the parts of the code that were parallelized were the I®ps Nfand also, the

communication penalty “fell out” during the analysis.

LogP vs CM-5, N=M

1400
1200 +
1000 +
800
600
400 +
200 +

—m— CMF
—— LogP

Time (seconds)

N < © © N < © ©
™ © N Ire] bl N < o3}
— 3% 0 o o =
— N <

N,M

Figure 9.1 LogP vs CM-5, N=M

It appears thatwhen usingthe LogPmodelfor analyzing paralleblgorithms, separate
analysis ofthe communication and computation would alléar bettercomparisons of
different approaches tihe same problem becaubeth computation andommunication
costs could be comparethis is because mat wereally do when analyzing an algorithm
is estimate theaumber of floating poinbperations. However, thmumber of messages is

a completely different thing and could be measured in different units.

17



If the communication and computation timaee analyzed separately we have a new
bound of O(M*N/P) + O(M log, P). Toarrive at an estimated running time using the
new bound, the averageimber of nodes that must be visited each message, the
network channelwidth, thesize ofthe message anthe number of cyclespentsending
and receiving by aode are required. Theumber of leaves in tue 4-ary fattree must

be 4, where i is an integer. laur case, we have 32 leaves. Tthee could hve aroot
with two treeswith 16 leaves as children orabuld be that the nodes before tbaves
have only two children. In the first case, the average distance negsage must travel

is H;=4.6875 and in the later case the average distance traveled a distapc®.812b.

To calculate the time for 1 message wik skightly modify the formula given by Culler et
al. (1993).
T(M,H)= (Tsng + IM/w+ Hr + T, )*#cycles/ns

The values for the above parameters are as follows:

Cycle/ns w Tsnd Trcv |r cycles H1 H2
25 4 1300 1300 8 4.6875 5.3125

Using these numbers we arrive at the time to send one 64 bit message as
T.(64,32)=((1300+64/4+4.6875*8+1300)*25)*168ec/ns=0.0000663 sec/message
T.(64,32)=((1300+64/4+5.3125*8+1300)*25)*16ec/ns=0.0000665 sec/message
With these numbersur graph for N=M changesdrastically and yet westill have an

acceptable upper bound for the cases when M <N. See figure 9.2 and 9.3

18
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Figure 9.3 LogP w/comm vs CM-5, N<M
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10 Amdahl’'s Law
Amdahl'sLaw gives us an equatidar the maximumspeed up, S, of parallelprogram
where P is thedeal speedup ( th@umber ofprocessors ) and F is the fraction of the
sequential program that can be parallelized. The equation is :

S= 1/(@1-F) + (FIP))
According to this equation, to achieve between 16 and 32 times speed up on a 32

processing node system, at least 97% of the serial code must be parallelized. See Figure

10.1.

Amdahl's Law, P=32

35
30
25 |
20 |

Speedup

15 +
10 +

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 10.1 Amdahl’'s Law
In our case, P=32 and of our 6 loops, 4 were re-written in parallel, so, F =4/6 = 2/3.

Using these values for F and P we arrive at the maximum speedup for ParallelMGS as

S = 1/( (1-2/3) + ((2/3) 1 32) ) = 2.82

20



CMF vs LogP+comm vs Amdah, N=M

1600
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32 64 128 256 512 1024

Figure 10.2 Amdahl’s Law

Figure 10.2 shows a&omparison of CM FORTRAN, LogP+comm aAdhdahl's Law.
The numbergor Amdahl’s lawwere obtained bdividing the FORTRAN 7#ime by the
maximumspeed up S=2.8. In the graph, thendahlrun timesare unexpectedlynuch
slower than the CM FORTRAN and LogP+commhis suggest that LogP+comm is a
better method of estimatintpe speedup of parallel algorithmthan Amdahl's Law. It
should be noted that when mapp#gdahl’'sLaw to realmachinesthe results il vary
with compilers and architecturdsor example, The FORTRAN 77 timegere obtained
on a Sparc Station 10 Series Model 52 with 2 RIS@/M5Z processors. Had we used a
parallel machine consisting of 3&parc Station 10’s, theesulting Amdahl time might

better match the parallel time.
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11  Architecture of the CM-5

The CM-5 is aparallel computer that supports both SIMD aMlltiple Instruction

Stream Multiple Data (MIMDprogramming styles. The CM-5 has between 16 and 1024

processing nodes, at least one control processor, distrimastbry andhree high-

bandwidthnetworks inplace ofthe traditional bus. The processing nodes can be grouped

into partitionswhich aremanaged by aontrol processor known as a Partition Manager.

Figure 11.1 shows the organization of the CM-5.

/ ............. Diagnostics

Control Network

Data Network

CP

1/O

1/O

HIPPI or
VME
Interface

Graphics
Output

Figure 11.1 CM-5 Organization
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11.1 Processing Nodes

Each CM-5 processing node consists of a RISC microprocessomifguperformance
vector units each having a 72-bit path to an 8 or 32Mbyte of DRAM memory bank with
a peakmemory bandwidth 0160 Mbytes/seper VU. Both the processand the VUs
are connected to a @it bus. All connections to the rest of tegstem pasthrough the
network interface (Thinking Machine€orporation, 1993a).Figure 11-2 illustrates a

processing node of the CM-5.

8 Mbytes 8 Mbytes 8 Mbytes 8 Mbytes
Memory Memory Memory Memory

i i i i 64-bit Paths
Vector Vector Vector Vector

Unit Unit Unit Unit

64-bit Bus
RISC Network Interface | +— Control Network
MicroProcessor
+«— Data Network

Figure 11-2: CM-5 Processing Node
The microprocessor issues instructions to the VUs either on@na ar by broadcasting

the same instruction tall four VUs. Each VU provides up to 4Wflops of 64-bit

performance for a total of 160 Mflops peak performance for each processing node.
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11.2 Control Processors

A control processor consists of a RISC microprocessemory,l/O devices and a CM-

5 Network Interfacewhich provides access to the Control and Didietworks. Other

than the network interface, the control processor is a standard workstation. Each control
processor runs the CMOST operatiggstem, which is an extension BINIX with
additional features fothe parallel processingM-5 (Thinking MachinesCorporation,

1993a). Figure 11-3 illustrates a control processor of the CM-5.

Control Network Data Network

A A

Memory Network
Interface

64-Bit Bus

CPU 1/O

0O

v

Lan Connection

Figure 11-3 CM-5 Control Processor
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11.3 Networks

Every processor is connected two communicationnetworks thatallow for high
bandwidth communicatioaver theoptimal route. The control networlcan synchronize
the nodes, perform broadcasting goadallel prefixoperations. The data network is a 4-
ary fattreewhere each node haschildrenThe height of dree is log(# of addresses

spanned).

switch |

0

Figure 11-4 A 16 node CM-5 4-ary fat tree network

A 16 node CM-5 fat tree network shown in Figurell-4. Eachleaf represents a
networkinterface on grocessor. The nodes in the tree swgtches implemented with
VLSI chips. Each node hawo or four parents and fowhildren. The closer tthe root

a node is, the more switches it will have.
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12  Implementations on the CM-5

This section contains descriptions of implementations of parallelMGS omad&2CM-

5 with vector units. TheParallelMGS algorithm is implemented usiige CM
FORTRAN, Global/Local Cm FORTRANZ*, and C/CMMD programming languages.
The code for Serial MGSmplemented in FORTRAN 77 and C is included in the

appendices.
12.1 CM FORTRAN

CM FORTRAN is a version of FORTRAN 77 which includé® array processing
extensions of the ANSI andSO standardFORTRAN 90 (Thinking Machines
Corporation, 1993b)This is adata parallel or SIMD languagei.e., eachparallel

statement is executed on all of the nodes at the same time.

C File : mgs.fcm

C Purpose: CM Fortran implementation of Modified Gram-Schmidt
C Process

C Author : Jim Bercik

C Date :8-23-94

SUBROUTINE MGS(M,N,U,V)
IMPLICIT NONE
INTEGER M,N
REAL U(M,N),V(M,N),NORM_SQRD
CMF$ LAYOUT U(:SERIAL,:NEWS),V(:SERIAL,:NEWS)
INTEGER I,K
DO 10 1=1,M

NORM_SQRD=DOTPRODUCT(U(,:),U(l,’))

IF (NORM_SQRD .EQ. 0) THEN
PRINT*,"VECTORS ARE LINEARLY DEPENDENT... EXITING'
GOTO 60

ENDIF

V(1,)=U(l,:)/SQRT(NORM_SQRD)

DO 20 K=I,M

U(K,:)=U(K,:)-(DOTPRODUCT(U(K,:),V(I,:))*V(l,:) )

20 CONTINUE

10 CONTINUE

60 RETURN
END
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122 C*

C* is a Dataparallel dialect of Cfor the CM-5. Eaclparallelstatement is executed on
all of the nodes at theame time. C* is based dhe ANSI C language and addsraall

set of extensions for parallel programming (Thinking Machines Corporation, 1993b).

/* Author : Jim Bercik

Date :10-22-94

File :mgs.cs

Purpose: C* implementation of the ParallelMGS
*/

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

#include <cscomm.h>
#include <cstimer.h>
#include <cm/cmssl.h>
#include <cm/cmssl_math.h>

/* declaration */
void ParallelIMGS(double:current *, double:current *,
int *, int *);

void main()

int n,i,m, rank,ier,num_tests,ctr;
shape [][Jmyshape;

FILE *fp;

ier =0;

[* printf("What is m : ");
scanf("%d%*c", &m);
printf("What is n : ");
scanf("%d%*c", &n);

*/
printf("CSTAR MGS \n\n");
rank = 2;

if ((fp =fopen("mgs.dat","r"))==NULL)
{

printf("CANNOT OPEN FILE");
exit(1);

fscanf(fp,"%d",&num_tests);
fprintf(stderr,"Num Tests: %d\n",num_tests);
fscanf(fp,"%d %d",&m,&n);

for(ctr=1;ctr<=num_tests;++ctr)
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{
myshape = allocate_shape(&myshape, rank, m, n);
with(myshape)

double:myshape U, V;

ier = CMSSL_fast_rng (&U, 1.0);
CMC_timer_clear(0);
CMC_timer_start(0);
ParalleIMGS(&U, &V,&m, &n);
CMC_timer_stop(0);

printf("M= %d N= %d\n",m,n);
CMC_timer_print(0);
fscanf(fp,"%d%d",&m,&n);

deallocate_shape(&myshape);

}
}

void ParallelIMGS(double:current *U, double:current *V, int *m, int *n)

inti,j,k;

double norm,dotprod;
shape [*n] vecshape;
i=0;

for(i=0;i<*m;++i)
with(vecshape)

norm=0.0;

norm += ([i][pcoord(0)]*U)*([i][pcoord(0)]*U);
norm=sqgrt(norm);

[-7*V=[i][.]*U/norm;

for (k=i;k<*m;++Kk)

{
dotprod=0;

dotprod-+=([K][.]*U)*([i][.]*V);
[KIL.I*U=[K][.]*U-([i][.]*V)*dotprod;

28



12.3 Global/Local CM FORTRAN

Global/Local CM FORTRAN is a version o£M FORTRAN that allows alobal
program to execute in datparallel fashion and call local subroutines that run
independently on eaatode. Thdocal program must use the CMMBessage passing
library to perform comunication tasks and ugée four vectorunits as itsparallel
processors. Thiecal subroutine must beritten in CM FORTRAN or C and thglobal
routine must be in CM FORTRAN. CMMD is timessage passing library that gives the

programmer explicit control of each node.

C File :mgs_Il.fcm

C Purpose: local portion of Global/Local CM Fortran

C implementation of Modified Gram-Schmidt Process
C Author : Jim Bercik

C Date :11-30-94

SUBROUTINE MGS_I(M,N,U,V,NUM_NODES)
IMPLICIT NONE
include "/usr/include/cm/cmmd_fort.h"
INTEGER M,N,NUM_NODES
REAL U(:,:),V(:,:),NORM,tmp
CMF$ LAYOUT U(:SERIAL,:NEWS),V(:SERIAL,:NEWS)
INTEGER I,K,J,dotprdct
INTEGER ORIGINAL_PARTITION_SIZE,Pid,P

C reset patrtition size according to problem size
NORM =0
Pid=CMMD_self_address()
ORIGINAL_PARTITION_SIZE=CMMD_ partition_size()
P=CMMD_reset_partition_size(NUM_NODES)

C only execute on the nodes that we want to use.
IF( Pid .LT. P .AND. P .EQ. NUM_NODES) THEN
DO 10 I=1,M
tmp=0
DO 5j=1,N/P
5 tmp=tmp+U(i,j)**2
NORM=CMMD_reduce_float(tmp,CMMD_combiner_add)

NORM=SQRT(NORM)
IF (NORM .EQ. 0.0) THEN
c vectors are linearly dependent
V(1,:)=0.0
V(2,:)=0.0
V(3,:)=0.0
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GOTO 60
ENDIF
V(1,:)=U(l1,:)/NORM
DO 20 K=I,M
tmp=0
DO 25 J=1,N/P
tmp=tmp+U(K,J)*V(l,J)

dotprdct=CMMD_reduce_float(tmp,CMMD_combiner_add)

U(K,))=U(K,:)-(dotprdct*V(l,:) )
CONTINUE
CONTINUE

P=CMMD_reset_partition_size(ORIGINAL_PARTITION_SIZE)

ENDIF

RETURN

END
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12.4 C/CMMD

CMMD is the message passililgrary that givegshe programmeexplicit control ofeach
node. CMMDcalls must reside in C programs, FORTRAN 77 programs or ifated
portion of Global/Local CM FORTRAN programérhinking MachinesCorporation,
1993b).

/*
Author: Jim Bercik
Purpose: driver for C/CMMD implementation of ParallelMGS
File: mgsdrvr.c
Date: 10-12-94
To Compile: 1.) cc -c MGS.cmmd.c util.c
2.) cmmd-ld -comp cc -node MGS.cmmd.o util.o
*/

#include <stdio.h>
#include <stdlib.h>
#include <cm/cmmd.h>
#include <math.h>

void mgs();
double random();

void main()

{

FILE *fp;

int M,N,size,i,j,ctr,num_tests,vec_size;

int Pid,num_nodes,P,orig_partition_size;

int seed=56113;

double *O,*U;
orig_partition_size=CMMD_ partition_size();
CMMD_fset_io_mode(stdout, CMMD _independent);

fprintf(stderr,” # nodes %d\n ",orig_partition_size);
if ((fp =fopen("mgs.dat","r"))==NULL)
{

printf("CANNOT OPEN FILE");
exit(1);

fscanf(fp,"%d",&num_tests);
fprintf(stderr,"Num Tests: %d\n",num_tests);
fscanf(fp,"%d %d",&M,&N);

/* determine the number of nodes to use */

num_nodes=orig_partition_size;
for (i=orig_partition_size;i>=1;i--)

31



{
if(N <= i*32)
num_nodes=i;

P=CMMD_reset_partition_size(num_nodes);
* fprintf(stderr," # nodes to use %d\n ",P);*/
Pid=CMMD_self_address();
if(Pid < P && P == num_nodes)
{
vec_size=N/P;
[* ---- Allocate Memory Dynamically ------------------ */

size = sizeof(double);

U = (double *) malloc(M*vec_size*size);
O = (double *) malloc(M*vec_size*size);
if (U == NULL || O == NULL)

{

printf("CANNOT ALLOCATE MEMORY");
exit(1);

for(ctr=1;ctr<=num_tests;++ctr)

{

for (i=0;i<M*vec_size;++i) /*fill U with random #'s in [0,1] */
U[i]J=random(&seed);

fprintf(stderr,"\n\n");
fprintf(stderr,"Test %d : M=%d N=%d\n",ctr,M,N);

CMMD_node_timer_clear(0);
CMMD_node_timer_start(0);

mgs(M,N,U,O,P);

CMMD_node_timer_stop(0);

fprintf(stderr,"Busy: %f seconds \n",
CMMD_node_timer_busy(0));

fprintf(stderr,"Elapsed: %f seconds \n",
CMMD_node_timer_elapsed(0));

fscanf(fp,"%d%d",&M,&N);

U = (double *) realloc(U,M*vec_size*size);
O = (double *) realloc(O,M*vec_size*size);
if (U ==NULL || O == NULL)

fprintf(stderr,"M=%d vec_size=%d\n",M,vec_size);
fprintf(stderr,"CANNOT ALLOCATE MEMORY™");
exit(1);

}
}/* end if ¥/
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Function mgs

Purpose: function to compute the modified gram-shmidt process

void mgs(M, N, U, O,P)
int M,N,P;
double *U,*O;

inti,j,k,l,vec_size;
double norm,dot_prod,tmp;

vec_size=N/P;
for(i=0;i<M;++i)

tmp=0.0; [* calculate dotproduct */
for(I=0;l<vec_size;++I)

tmp=tmp + U[i*vec_size+l] * U[i*vec_size+l];
norm=CMMD_reduce_double(tmp,CMMD_combiner_add);
norm=sqrt(norm);
if(norm == 0.0)

fprintf(stderr,"Vectors are Linearly Dependent... Exiting\n");
fprintf(stderr,"norm= %f\n",norm);
return;

for (k=0;k<vec_size;++k)
Oli*vec_size+k]=U[i*vec_size+k]/norm;
for(k=i;k<M;++k)

tmp=0.0;
for(I=0;l<vec_size;++l) [* calculate dotproduct */
tmp=tmp + U[k*vec_size+l] * O[i*vec_size+l];
dot_prod=CMMD_reduce_double(tmp,CMMD_combiner_add);
for(j=0;j<vec_size;++j)
Ulk*vec_size+j]=U[k*vec_size+j]-O[i*vec_size+j]*dot_prod;

}

return;

}

Function: random
Purpose: generates random # between 0 and 1
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double random (seed)
int *seed;

{
int a=16807,m=2147483647,0=127773,r=2836,l0,hi,test;
hi=(int)*seed/(int)q;
lo =*seed % q;
test=a*lo-r*hi;
if (test > 0)
*seed=test;
else
*seed=test+m;
return (double) *seed/(double) m;
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13 Summary

We have studiethe developmengnalysisand implementation of an algorithm using the
LogP model and have demonstrated that when we estimate computation and
communication separatel{he LogPmodel can provide a reasonable prediction of an
algorithms running times for various problem sizes. These predictions have shown to be a
more reliable numberthan dividing the runtimes ofthe serial implementation by the

maximum speedup that Amdahl’s Law provides.

Analyzing algorithms usinghe LogPmodel has shown to be reasonablypsamwhen
asymptotic bounds are usaédore effort is required in thalgorithm desigmprocess than
when using a PRAM because tife requirement that wbeave a finite number of
processors and a large number of @dgéaentper processoiThis leads to aatalayout

that can be used on real parallel machines.

LogP + comm
M=N CMF GL CMF CSTAR CMMD  R77 C (h1) (h2)
N=32 0.236 0.763 0.704 0.1 0.1 0,04 0.3898 0.3408
N=64 0.282 3.13 2.713 2 0.5 0.28 1.3604  1.36448
N=128 1.104 11.85 10.195 1.5 4.4 2/19 54518 5.46816
N=256 4.362 47.201 47.391 9.09 42 17.23 21,889 21.95456
N=512 17.378  188.476 245.15 40.822 538 144.53 113.9025 114.p4613
N=1024 255.562  758.9%3  1929/45  171.267 4394  1192.59 358.0089 359.13728
N=2048 286.26 5773.164 14312.502 1286.26 9907.54 1474,2978 1478.4922
N=4096 1252.1443 46166.84 out of mem 6232.7357 6249.513

Figure 13.1 Modified Gram Shmidt implementation times
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The CM FORTRAN implementation ohe ParallelMGS algorithm showedsignificant
speed up over theerial versions, with approximately 34 timsgeedup over the C
implementation for M=N=20481owever, as shown in the table in Figd®1, the other
parallel implementations did not fare as well. Drank fields inthe table showimesthat
were eithertoo long to obtain otoo long for thesystem constraints. It is possiliteat

the CMF compiler is better optimized than the other parallel language compilers.
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Appendix A - Serial MGS in C

/* Jim Bercik
File: mgs.c
Purpose: function to compute the modified gram-shmidt process
*/
#include <stdlib.h>
#include <math.h>

void mgs(int M, int N, double *U,double *V);
double dp(double *a,double *b,int N);

void mgs(int M, int N, double *U,double *V)

intijk;
double norm,dot_prod;

for(i=0;i<M;++i)

norm=sqrt(dp(U+i*N,U+i*N,N));
if(norm == 0.0)

printf("Vectors are Linearly Dependent...Exiting\n");
printf("norm= %Mf\n",norm);
return;

}
for (k=0;k<N;++k)
V[i*N+k]=U[i*N+k]/norm,;
for(k=i;k<M;++k)
dot_prod=dp(U+k*N,V+i*N,N);
for(j=0;j<N;++j)
U[K*N+j]=U[k*N+j]-V[i*N+j]*dot_prod;

}

return;

}
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/* File: util.c
Purpose: conatins utility routines for mgs.c
*/

#include <stdio.h>
#include <sys/types.h>
#include <sys/times.h>

double random(int *seed);

double dp(double *a,double *b,int n);

void timestart(struct tms *timer, long int *r_time);

void timestop(char *msg,struct tms timer,long int r_time);

#define TICKS 100. /* this is setto CLK_TCK in <limits.h> */
double random (int *seed)

{

int a=16807,m=2147483647,0=127773,r=2836,l0,hi,test;
hi=(int)*seed/(int)q;

lo =*seed % q;

test=a*lo-rxhi;

if (test > 0)
*seed=test;
else

*seed=test+m:;
return (double) *seed/(double) m;

double dp(double *a,double *b,int N)

int i
double dot_product=0.0;
for(i=0;i<N;++i)
dot_product+=ali]*b][i];
return(dot_product);

void fill_arr(int M,int N,double *U)
{

int i

int seed=56112;

for (i=0;i<M*N;++i)
U[i]J=random(&seed);

return;

}

void timestart(struct tms *timerl, long int *r_time)

*r_time=times(timerl);

}

void timestop(char *msg,struct tms timerl,long int r_time)
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struct tms tbuf2;
long real2;
real2=times(&tbuf2);

fprintf(stderr,"%s\n real %.2\n user %.2f\n sys %.2f\n",msg,
(real2-r_time)/TICKS,
(tbuf2.tms_utime-timerl.tms_utime)/TICKS,
(tbuf2.tms_stime-timerl.tms_stime)/TICKS);
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Appendix B - Serial MGS in FORTRAN 77

C Jim Bercik

C FILE :mgs.S.f

C Purpose: function to compute the modified gram-shmidt
C process

PROGRAM MGSDRVR
IMPLICIT NONE

INTEGER N,M

PARAMETER(M=2048,N=2048)

DOUBLE PRECISION U(M,N),0(M,N)

DOUBLE PRECISION DPR,TMP(M,N),random,d

INTEGER 1,K,J,SEED,SECONDS1,SECONDS
C initialize vectors

SEED=563172

CALL DFILLMAT(U,M,N,SEED)

PRINT*,' F77 MGS'

PRINT*, ‘M =',m, 'N=",N

CALL MGS(M,N,U,0)

SUBROUTINE MGS(M,N,U,0)
INTEGER M,N
DOUBLE PRECISION O(M,N), U(M,N),NORM_SQRD
DOUBLE PRECISION DPR
c CALL MATCOPY(U,O,M,N)
DO 10 I=1,M
NORM_SQRD=DPR(U,I,U,I,M,N)
IF (NORM_SQRD .EQ. 0) THEN
PRINT*, VECTORS ARE LINEARLY DEPENDENT’
GOTO 60
ENDIF
DO 15 K=1,N
15 0(1,K)=U(1,K)/SQRT(NORM_SQRD)
DO 20 K=I,M
DP=DPR(U,K,0,,M,N)
DO 30 J=1,N
U(K,J)=U(K,J)-(DP*O(1,J))
30 CONTINUE
20 CONTINUE
10  CONTINUE
60 RETURN
END
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C Jim Bercik
C File: util.f
C Purpose: contains utility finction for msg.S.f

DOUBLE PRECISION FUNCTION DPR(V,I,U,J3,M,N)

C computes the doptprduct of the Ith row of matrix V and the Jth
C row of matrix U

20
10

IMPLICIT NONE
INTEGER I,J,N,K,M
DOUBLE PRECISION V(M,N), U(M,N)
DPR = 0.0e+0
DO 10 K=1,N
DPR = DPR+V(I,K)*U(J,K)
RETURN
END
SUBROUTINE DFILLMAT(A,M,N,SEED)
IMPLICIT NONE
INTEGER M,N,SEED,I,J
DOUBLE PRECISION A(M,N),RANDOM
DO 10 I1=1,M
DO 20 J=1,N
A(1,J)=RANDOM(SEED)
CONTINUE
RETURN
END
double precision function random(seed)
integer seed
integer a,m,q,r,lo,hi,test
a=16807
m=2147483647
q=127773
r=2836
hi=seed/q
lo=mod(seed,q)
test=a*lo-r*hi
if (test .gt. 0) then
seed=test
else
seed=test+m
end if
random=float(seed)/float(m)
return
end
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