Answer Key for Homework 2

CS 591Q/791V - Pattern Recognition
Instructor: Dr. Arun Ross
Posted on: March 20, 2009

1. The Bayes classification rule for an arbitrary pattern x:
Assign x to Cy if P(Cylx) > P(Ca|x); else assign x to Cs.
If P(Cy]z) > P(Cslx), then

p(z|C1).p(Ch) - p(x|C2).p(Cs)

(By Bayes formula)

p(x) p(x)
= p(z|C1) > p(x|Cs)  (Since p(C1) = p(Cs))
= e M M > e”zﬁ

x! x!
= [-A\ +2zIn(A) — In(z!)] > [-A2 + z1n(A2) — In(z!)] (Applying In on both sides)
= :c[ln(/\l) — 11?1()\2)] > A — Ao

(A1 = Ao)

=>r>—=
11?1()\1/)\2)

Thus, the required classification rule is:

Assign x to C if x > h(f(;;/i)); else assign = to Cs. [

2. The posterior probability for each of the 3 classes, P(C;|x),i = 1,2,3, has to be explicitly computed. The
Bayes decision rule is:
Assign @ to Cy if P(Ck|x) > P(Cjlz), Vi, k=1,2,3.
We first compute the likelihoods:

p(z=(03,03)C1) = % X % X exp (—0-5 03 03] [(1) (1)] ng

= p(x=(0.3,0.3)"Cy) = 0.14. (1)

1 1 -
» (:B _ (0.3’0.3)t|02) — 5 X i X exp <—O.5 [0.3 -1 03— 1} {(1) (1):| |:8§ . 1])

= p(z=(0.3,0.3)|Cs) = 0.09. (2)

11 _
p(z = (03,03)/C5) = 0.5 x 5 x 7 X exp <—0.5 [0.3-0.5 0.3-0.5] {1 O] [0'3 0'5])
e

0 1] [03-05
11 0.3+ 0.5] [1 0] [0.3+0.5
FODX G X e (_0'5 [0.3 = 0.5] [0 1] {0.3 - 0.5D

= p(x=(03,03)"C3) = 0.13. (3)



By Bayes formula,

P(x|C;) x P(C;
P(Cifa) = PEC) X P 0
p(x)
3
where p(z) = ZP(m|Ck).P(Ck)
k=1
Hence,
p(z) = (0.14+ 0.09 + 0.13) x — = 0.12 (5)
Thus, based on equations 1, 2, 3 and 5 we have:
0.14 x £
by _ 3 _
P(C1](0:3,03)") = ——-* = 0.38.
0.09 x %
ty 3 _
P(C5](0:3,03)") = — =2 = 0.25.
0.13 x 1
P 3,0.3)) = ——3 =0.36.
(C5(0.3,0.3)") 012 0.36
=x=(0.3,03)" € C,.0
3. Substitute the given values for u, ¥ and © = (z1,22,23)" in the equation for the multivariate normal

distribution and you will obtain p([0.5,0,1]*) = 0.0082. [

4. (a) To compute the Bayes decision boundary:

P(Cy]x) = P(Cslx)

N p(z|C1).p(Ch) _ p(|C2).p(Co)
p(x) p(x)

= p(x|C1) = p(x|C2)  (Since p(C1) = p(C2))

1 1 1 0] |z 1 1 1 0f |z —1
éﬂxixexp(—()b[xl o) {0 J LCJ)_%XIXGXP<_O'5[$1_1 x9 —1] [0 1] [@_J)

= [z1 @] [(1) (1)] [ij =z -1 x—1] [(1) (1)] [i; - ﬂ (After applying In on both sides)

(By Bayes formula)

= 2t 4+ a5 = (21 — 1)* + (20 — 1)?
=2t +oi = (27 — 2z + 1) + (23 — 229+ 1)
=x+a—1=0.0

The Bayes decision rule:

If xy+23—1<0, then == (z1,22)" € Cy;
If z14+a29—-12> 0, then x = (Il,IQ)t € Cy.00 (6)

See Figure 1 for the decision boundary.

(b) Generate 100 points for each class using the mwvnrnd function. Plug-in each point in equation (6) to
determine its class as predicted by the Bayes classifier. The empirical error rate denotes the fraction of
points that are incorrectly classified by this classifier.

(¢) Same procedure as (b) above.
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Figure 1: The linear decision boundary of problem 4. The patterns from the two classes, C; and C5, are sampled
from N ((0,0)%,I) and N ((1,1)%, 1), respectively.



5. (¢) To compute the Bayes decision boundary:

P(Ci|x) = P(Ca|z)

p(z|C1).p(C1)  p(x|C2).p(Cs) aves formula
=T ) (By Bayes formuile)
= p(z|C1) = p(x|C2)  (Since p(C1) = p(C2))

= % X \/LZ X exp <—O.5 [z1 2] [1(/)2 1(/)2] [i;]) = iﬂ X % X exp <—O.5 [£1 -1 a2 —2] [(1) (1)] B; : ﬂ)

= —In(2) — 0.5 [z1 2] [1(/)2 1(/)2] B;] =—05[z1—1 x5 —2] [(1) (1)] [i; : ﬂ (Applying In on both sides)

1 1 z1 rp—1
= 111(2) + 0.5 [5171 §$2} |:I2:| =0.5 [Il —1 a9 — 1} |:I2 _ 2:|
= 0.69 + 0.2527 + 0.2523 = 0.527 — 21 + 0.5 + 0.525 — 229 + 2
= 02507 +0.2522 — 21 — 225 +1.81 =0

= 27 + 13 — 4oy — 8x9 +7.24 = 0.0

This is the equation of an ellipse. Thus, the decision boundary is an ellipse. Points within the ellipse are
classified as Cy while those outside the ellipse are classified as C. The decision rule will be (see Figure 2 in
next page):

If 2} +23 —do; — 82 +7.24>0, then = (x1,22)" € Oy
If af +a3—doy — 822+ 724 <0, then @ = (x1,5)" € Co.0 (7)

For part (b), estimate the parameters from the training data and follow the same procedure indicated above.
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Figure 2: The quadratic decision boundary of problem 5. The sample patterns from the two classes, C; and Cs,
are obtained from N([0,0]*,2I) and N([1,2]*,I), respectively.



