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TV-norm

Definition

The TV-norm is the L1 functional norm of the gradient magnitude.

TV(u) :/ [Vu|| dx dy
Q

Recall

Minimizing the L2 functional norm of the gradient magnitude led to the
isotropic heat equation.
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filoneiies
Membrane Spline vs Total Variation

Themembrane splineenergy functional

/ ||Vu||2dx dy
Q

represents the elastic potential energy of a thin sheet of material.
Thetotal variation energy functional

/ [Vul| dxdy
Q

represents the oscillation of the function
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Properties

Total Variation Does Not Penalize Discontinuities
Consider a functiony, with a step of heighin:
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filoneiies
Total Variation Does Not Penalize Discontinuities

Consider a functiony, with a step of heighh:
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filoneiies
Total Variation Does Not Penalize Discontinuities

MEM(f) = £, TV(f) = |h|

MEM(f1) =0.98 MEM(f2)=1.63 MEM(f3)=4.9 MEM(f4) =0
TV(f1) = 0.7 TV(f2) = 0.7 TV(f3) = 0.7 TV(f4)=0.7
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Total Variation Does Penalize Oscillation

4

TV(fs) >TV()1) =TV(f2) = TV(fz) = TV (/)
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Variational Calculus

Specifically, minimizing the membrane spline energy

= vu dx:/ u2 + u2 dx
/QH o= [ g+ og

has Euler-Lagrange condition for minimization:

9, 0
ox ™ oy

0 _1 1
= 0 o (W(Ug + W) 72) — (Uy(u +up)2) =

VE — fu_ fu :0

Yy

Leading to the descent equation

Vu

atu—dlv(HV H)
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Energy Minimization
Membrane spline energy

. 2 2
muln/nux+uydxdy

Total Variation
i w2 + w2
an /Q ug + Uy dx dy
Has Euler-Lagrange condition for
minimization given by
div(Vu) =0
and descent equation

Has Euler-Lagrange condition for
minimization given by
Opu = div(Vu)

Vu
div(——) =0
[Ivul]

and descent equation

A= dv(— )
u = amv
[IV7ul]
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Descent Equation

Vu )
[IVul]
This is an inhomogeneous diffusion equation with diffusivity

oru = div(

e Diffusion is slow for large image gradients.

o Diffusion is fast for small image gradients.
e Divergence is due only to changing gradient directions.
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Uslns i eliizgness
Upwind finite differences

Since we are allowing steep discontinuities, numerical differentiation can

source of instability.
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Solution : a slope limiting derivative operator.
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Uslns i eliizgness

Denote the forward finite difference afat (i, j) in the x direction by:
A% Uj = Uiy1j — Ui

and the backward difference by:
AXUj = Upj — Ui_q

We will denote the upwind finite difference in the x direction as:

mianC{AiUij i Uij )
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Uslns i eliizgness
Minmod operation

minmoda, b) = (w) min(|al, |b|)
where
-1 ifx<0,
sgnx=+<0 if x=0,
+1 ifx>0.
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Uslns i eliizgness
Minmod operation

minmoda, b) = (M) min(|al, |b|)

e ifaorbare 0, minmogh,b) =0

e if aand b have opposite sign, minm@db) = 0
e otherwise, pick the one with the smallest magnitude.
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izt BNy
What happens wheiVu|| — O

Singularities may develop in very smooth regions.

Vu

= div(——
o |v(IIVLIII e

)

e One strategy: use fixed constank 1.

e Another strategy: relaxation. Start with a moderatand decrease over
time.
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Denoising Results
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Results

Deconvolution Results
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A Drawback

Results

Image contours may be rounded.
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SEEIEN  Drawbacks

Image Contours

Another geometric interpretation of TV norm minimization: Consider
isocontours of the image (the curves of constant image intensity)

\ \

e Evolution of the imagei is also evolution of the isocontours,
e TV-norm minimization is smoothing of the isocontoursuof
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